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Abstract. In this work we study the main dynamical properties of the push 
forward map, a transformation in the space of probabilities 'P(X) induced by 
a map T : X X, X a. compact metric space. We also establish a connection 
between topological entropies of T and of the push forward map. 

1. Introduction 

During the last years some effort has been made in order to endow a probabihty 
space (of a given metric space) with a Riemannian manifold structure. One of the 
ingredients is the notion of a tangent space, that need to be defined in this case, and 
this motivates, for example, the work of Kloeckner. This author fix a certain metric 
space (the circle) and a map on this set (a dynamical system); this map induces a 
transformation on the probability space, known as the push forward map, and he 
is able to show some dynamical properties of this map as, for example, the entropy 
and he uses this special case in order to give a description of the tangent space of 
the probabilities of the circle. 

Motivated by this work, we start to try to understand the relation between a 
dynamical systems on a compact metric space and the dynamical system induced 
on the probabilities: more specifically, to try to know which are the properties that 
are common to both transfomations. 

Some topological properties are inherited by the probability dynamics, but with 
certain losses: for example, in order to get transitivity in the probabilistic setting 
it is necessary to assume a very strong hypothesis, say, topological mixing for the 
map on the metric space. 

The topological entropy, on the other hand, can be bounded below by the entropy 
of the map T and, if its positive, then the topological entropy on the probabilistic 
setting is indeed infinity. 

The article is organized as follows: after giving the main concepts we present 
some results in a simple setting, assuming that the metric space is discrete. After 
this warm up we deal with some topological properties of the map $ and. at the 
section [71 we address the question of topological entropy. 
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2. Motivation: the discrete case 

The goal of the present work is to study the dynaniies of the push forward map 
which arises from a continuous map T : X ^ X , i.e., the map $: V{X) ^{X) 
given by := fj. o T~^. As a first case it is natural to consider the situation 

where X is a finite set or a discrete infinite set. In that case we see that the map 
T can be represented by a matrix, that we call [T], and the push forward map 
$ : P{X) V{X) is then given by the adjoint of the matrix [T], i.e., [$] = [T]* . 

2.1. The finite case. In this section we are going to consider finite spaces. We 
notice that in these cases X is not connected. We consider X = {xi, and 
we identify a function / : X ^ M as a vector in M" by the linear isomorphism 
£ : C°{X) M" given by 

£(/) = (/(xi),...,/(x„)). 

Then 

C°(X) = {/ : X ^ M| / is continuous} ^ R", 
and it implies that C^{X)' = (M")* whose basis will be the dual of the canonical 
one 

i.e 

j fdSxi = f{xi), for i = 1, n. 

by the identification 



C*{l^) = C*C^Pi5a:i) = (pi, ..■,Pn)- 

As M{X) = C°(X)', where M{X) is the set of measures on X, then 

n n 

V{X) = { : < Pi < and = l} 

n 

= {{Pi, ■■■,Pn) e M" : < Pi < and ^p, = l}. 

i=l 

So, in that case, the push forward of T, i.e., the transformation $, is a map on the 
simplex A„ := {(pi, ...,p„) e M" : < ft < and J2i=iPi = l}, $ : A„ ^> A„. 

Given T : X — > X a continuous map, we can set a n x n matrix of zero-one 
entries [T], that represents T as follows: 

[T] 

where 





( T{xi) \ 


\ Xn ) 


[ nxn) ) 



\ 0, otherwise. 

We can also identify the integrals in the original space with the inner product: 

n 

fdv = {C{f),C*{v)) = Y,Pif{xi). 
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In order to establish a matrix for the push forward of T we recall the formula of 
change of variables (see Lemma [TBI) j 



j foTdv = J fd^u). 



We claim that £(/ o T) = [T]C{f). Indeed, for any 1 < i < n we have the 
coordinate 

(£(/oT)X = ifT(x,) = a;,, 

that is 

(£(/ o T)), - fix,) = /(T(x,o) = mcim, 

proving the equality. 

From this, we have proved the following. 

Proposition 1. Let $ be the push forward map associated to T and [$] his matrix 
as above i.e, if v — X]"=i K'^a;* then 

n n 
i=l 1=1 

Hence, [$] — [T]* (the adjoint matrix). 

Proof. We just observe that, the change of variables 

j foTdy^ J fd^iy), 

is equivalent to 

{cifoT),c*iu)) = {cif)x*mm- 

We have proved that £(/ oT) = [T]C{f), so 

(£(/oT),£*M) = ([r]/:(/),/:*M) = (£(/), [r]*rM), 

so 

(£(/), [TYC*{,^)) = (£(/), /:*($(^.))), V/( i.e VR"), 
thus we get [$] = [T]*. ■ 



Example 2. PFe consider X = {xq^xi, ...,a;„_i} aKC? the map T : X X given 
by 

T{xi) = x^j^^ ^. 

Then the matrix ofT is 

' ... 1 

1 ... 

\T]= 1 ... 
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Given v = Y^lZl Vi^x, e V{X), if $ : V{X) V{X) is the push forward of T , 
then 

n-l 

*M = mod n- 

i=0 



4 



A. BARAVIERA E. OLIVEIRA AND F. B. RODRIGUES 



If we consider v as the vector v = {po, ...,pn-i), we see that ^{po, ...,pn-i) 
{Pn-i,Pi,P2, ■■■,Po)- Then we conclude that 



1 








: 

1 



= [T]* 



For the analogous of maps of degree d on we have: 
Example 3. Let X = {xq, xi, X2, 2^3} and T : X — > X , given by 

Then we have thatT{X) = {xo,X2}- Given v = ^'f^^PiSxi € T^i^)) if ^ '■ ^(^) 
■p(X) is the push forward of T, we can see that 

^{v) = (PO +P2)5xo + {Pi +^3)^2- 
If we consider the measure v as the vector [u] = (poi Pi 5^2,^3)* then 



where 

1 1 r Po ' 

000 pi 

P2 ' 
J L P3 

So, we get which is equal to the adjoint [T]*. 

2.2. The infinite case. In this section we will consider a set X infinite and dis- 
crete. In that case we know that X = {xi, X2, ■■■} is a countable set. We endow X 
with the discrete topology. We have that the distance on X given by 




if n 7^ m 
otherwise ' 



generates the discrete topology on X, and with this topology X is not compact. It 
is not difficult to see that the set of probability measures on X is given by 

00 00 
V{X) = { J^Pi^^o, :XieX,pi> 0, J2Pi = 1}' 

i=l i=l 

and it is also a non compact set. 

Let us consider a map T : X ^ X and $ : V{X) — > V{X) its push forward. As 
in the finite case, we can associate to T a zero-one matrix, but now it is an infinite 
matrix. Again, if [T] is the matrix associated to the map T we have that the matrix 
associated to $ satisfies the condition [$] = [T]*. 

As V{X) is convex but not compact, we can not apply the Schauder Fixed Point 
Theorem, but we have the following: 

Theorem 4. Let T : X ^ X be a map and $ : V{X) V{X) its push forward. 
Then T has a periodic point if and only if $ has a fixed point. 
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Proof. If there exists p ^ X and n G N such that T^{p) — p, then we have that 



^('^x + '5t(x) + - + ^t"-i(x)) er{x) 



n 

is a fixed point to $. 

For the converse, we will divide in two cases, the first one where T is a bijection. 
It is also possible to think on T as a map from N to N, i.e, T : N ^ N by means of 
the identification T{xi) — Xj O T{i) = j. If /i = J2^iPi^i such that — /i, 
then 



A* 



So we have that pi = PT-^{i)i for all i € N. As /i is a probability measure there 
exists pj 7^ 0. Since = /i, — fi and it implies that pj = px-k^^j-j for all 

A: e N. If T-''{j) ^ j for all fc e N, wc have that the set {T-''{j) = jfe : fc G N} is 
an infinite subset of N, and we can write /i as the following 

OO OO CXD OO C« OO 

k=l i^jk Vfe k=l t^jk Vfe k=l t^jk Vfe 

and it implies that /i(N) = oo, which is a contradiction. 

For the second case we suppose T is a non bijective map; again we can think on 
T as a map from N to N. Let /i = J^T^iPi^i ^ T^i-^) the fixed point of As 
= /X for all A; e N, we have that 

OO OO 

i=l i=l 

where pf^ = Pif = Pi is given by the set T^''{i) = {i^, 12,13, ■■■}■ We know that 
there exists pj such that pj ^ 0. If T~^{j) fl T^"''{j) ^ with m < n, then there 
exists i e N such that T"{i) = r™(i), and it implies that ^ T™(i), 

i.e, T'"(i) is a periodic point for T. If T-"(j) n T-"'{j) = with m 7^ n, then we 
can write n as the following 

00 00 00 00 

^'= E P^}^^1+ E 4-^^?+ E 4% + -+ E 

3leT-Hj) jfeT-^]) jfeT-^U) i^T-^ij), v/cgn 

00 

It implies that n{X) = cxo, because ^ p^k = for all fc e N, and it is a 

contradiction. Then there exist m,n € N such that T~"{j) n T~™{j) ^ 0, and by 
the above, we get that T has a periodic point. ■ 



Example 5. Lei X = {xi, a;2, ...}, 7^ Xj for i ^ j, and T : X ^ X given by 
T(xi) = Xi+i. Then, since T has no periodic point, by Theorem^ we see that $ 
has no fixed point. 
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3. The push forward map $ and some metrics on ■p(X) 

Let X a connected compact separable metric space. If we consider a continuous 
map T : X ^ X it induces a map 

^ -.ViX) ^V[X), 

where = ^{T~^{A)). This map is called the push forward ofT. We are 

interested in the study of the dynamics of the map To do it we observe that 
there are metrics on 'P(X), whose make this set a compact metric space, since X 
is also compact. 

Proposition 6. // we consider V{X) with the weak topology and T is continuous, 
$ is continuous. If T is an homeomorphism then is an homeomorphism. 



Proof. See [4]. ■ 

We arc interested in three particular metrics on V{X). The first one is the 
Prokhorov metric, defined by 

dp{v, /i) = inf{a > : ^i{A) < i^{Aa) + a and i^{A) < /.i{Aa) + a, VA e B{X)}, 

where Aq, :— {x (z X : d(x, A) < a}. The second one is the the weak-* distance (on 
a locally compact metric space) defined by 



d'{fJ',f) ^y^Til [ 9i{x)dfJ.- j g^{x)dv 
^ ' Jx 



i=l 

where gi : X ^ [0, 1] is continuous for alH £ N and {(?i}iGN is an enumerable dense 
set in C{X, [0, 1]). The last one is the Wasserstein metric, defined by 



Wj,{ix,v) = (ini{ ( d^{x,y)dn\Y, 
^ JXy.X ' ' 



iXkX 

where 11 is a transport from /i to v, say, a probability on X x X whose marginals 
are /i and u. 

Lemma 7. (i) All the metrics above generates the weak topology, 

(ii) If is X is a compact Polish space, then 'P{X) with any of the above metrics is 

a compact Polish space. 

Proof. See [7]. ■ 

4. Basic topological properties of the map $ 
We start this section observing that $ has a fixed point, since T is continuous. 
Proposition 8. If T is a continuous map, then $ has a fixed point. 

Proof. We notice that $ is a continuous map and V{X) is a compact convex set. 
By Schauder fixed point theorem we have that $ has a fixed point. ■ 



Remark 9. Proposition\^ implies that the set of probability measures on X which 
are T-invariant, denoted by Ai{T,X), is not empty. 
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Proposition 10. Let T : X ^ X and S : Y ^ Y be topologically conjugated dy- 
namical systems. Then $ : T{X) —> V{X) and 4' : V(Y) — > ViY) are topologically 
conjugated dynamical systems, where $ is induced by T and \E' is induced by S. 

Proof. Let H : X Y he the conjugation between T and S. Then we have 

HoT = SoH. 

Consider the map E : V{X) V{Y), given by = n{H-'^{A)). Then S is 

a homeomorphism. Take u G ViY) and see that 

S o $ o = S o o iJ) = o o T) 

= HoHoTo iJ-i =noSoHo iJ-i 
= ^oS = 

Hence 

which implies the result. ■ 

Now we define a measurable partition of the set X that we call grid. 

Lemma 11. Given X a compact metric space and 5 > 0, there exists a measurable 
covering of X, {Pj}f^i, such that each Pj has non-empty interior, Pi flPj = for 
any i ^ j and d{x, y) < 5 for all x,y e Pj, for all j. Moreover, there exist £ > 
and points pi € Pi such that Bg(pi) C Pj. 

Proof. Given (5 > 0, there exist xi, ...,Xk G X such that X = Uj^iBs{xj). So we 
define 

Pi=B^{xi), 

P2 = (B|(X2))-(B|(Xi)) 

Pk = {Bsixk))-{u';zlB.ix,)). 

Then we get X = U^=iPj, and Pi n Pj = 0, if i ^ j. As Pj C Bi (xj) , d{x, y) < 5 
for all a;, y G Pj. 

As the covering X = \Jj^-^B^{xj) is finite and by construction of each Pj, we 
can take a suitable e > and choose points pi G Pj such that Bg{pi) c Pj for 

ie{i,...,k}. u 

With this grid in mind we can approximate any measure as follows: 
Lemma 12. Given /x G ^^{X) and £ > 0, there exists 

N 

V = ^ ai8p^ 

i=l 

such that d{fi, u) < e. 
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Proof. Given e > 0, there exists no £ N, such that 

El e 



= "0 + 1 



2^ ^ 2" 



Using the continuity of Qi, there exists 5 = 5^no, such that 

d{x,y) <5^ \9i{x) - giiy)\ < |, Vi e {!,..., no}. 

Given 5 > 0, let us consider a grading P = {Pi, . . . , Ppf} such that diam(Pj) < S 
for all Pi. Take points pi G Pi and consider the probability 

N 

V = ^ij,{Pi)6p^. 



Then we notice that 



OO ^ k 1^ 

j=i ' i=i J Pi 

j=l i=l J Pi 



dji <£ 



For the next we assume that the homeomorphism T is such that its periodic 
points arc dense in X, i.e.: given (5 > 0, there exists a i^— periodic point p £ X 
such that its orbit {p,T{p), ...,T^~^{p)} is 5— dense. We can also define periodic 
measures, say, measures that are periodic points of the dynamics 

Proposition 13. If T : X ^ X is a homeomorphism with dense periodic points, 
then the periodic points for $ are dense in V{X). 



Proof. Given any measure /i € V{X), wc need to show how it can be approximated 
by a periodic measure. Take £ > 0, then there exists no such that 



El e 
2^ ^ 2' 

i—na + l 

Using the continuity of gj, there exists 5 = ^^no, such that 

d{x,y) < (5 \9i{x),9i{y)\ < |, Vi e {l,...,no}. 

We consider a 5— grid on X, P = {Pi, P^f }, and take a periodic orbit in X, 
{p, T{p), T^^^{p)}, which is -—dense. Clearly, there exists at least one point of 
the orbit in each element P, (and so K < N). Let us relabel the orbit as follows: 
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call qi a point lying in Pi (any one of the finite points in this set can be chosen); 
Qi some point lying in Pi and so on, until gjv G Pn- So we define the measure 

N 

Then we have that 



°° 1 1 /■ 


/ gi{x)dn' 
Jx 




i=l 3=1'' 


-9i{Qj))dlJ- 






-gi{qj)\dii 




no -. K . 


OO 

-gi{qj)\dn+ 

i=no+l 


no , -ff 


oo 1 ^ 

E ^E2MP.) 

i=rao + l i=l 



if 

E / \9i{x) - gi{qj)\dti 



where the last inequality comes from the fact ^{X) = J2f=i t^i^j) = 1 ' 

Definition 14. Let T : X ^ X a homeomorphism of a compact metric space. 
We say that T is equicontinuous if the sequence of iterates of T, {T"}„gN, is an 
equicontinuous sequence of homeomorphisms. 

Proposition 15. If T is equicontinuous, then $ is equicontinuous. 

Proof. Let us suppose T equicontinuous and consider the sequence {$"}„gN. Take 
£ > 0, then there exists 6 > such that 

d{x,y) < 6 ^ d{T"{x),T"{y)) < e. 

By considering the Prokhorov metric we have 

dp{n, iy)<5^ dpi^^'in), < e, Vn e N. 

To see that we suppose dp{iJ., ly) < S and observe that 

where = {x G X : d{x,A) < 7}, for some A C X. In fact, if .t S {T-"{A))s, then 
there exists z G r-"(A) such that d{x,z) < S, but it implies rf(r"(a;), T"(z)) < e. 
As z € T-"(A), T"(2) e A, so T"(a;) e A^ and it implies x G T-"(Ae). Then we 

have that 

a>"(^)(A) = M(r-"(A)) < ,yiiT-"iA))s) + 5 < i^iT-"iA,)) + e = $"(t^)(As) + e 
^^{v){A) = u{T-^iA)) < fi{{T-'\A))s) + S < f^{T-'\A,)) + e = + e, 

and it implies iip($"(,u), < e. ■ 

We also can prove that T Lipschitz implies $ Lipschitz. In order to prove that 
result we need the following: 



10 



A. BARAVIERA E. OLIVEIRA AND F. B. RODRIGUES 



Lemma 16. (Change of variables) Let f : X ^ M be a measurable function and 
T : X ^ X continuous. Then 

M$(/i))= / ifoT)ix)d^i. 
X Jx 

Proof. See 0. ■ 

Proposition 17. If T : X ^ X is C-Lipschitz, then $ : V{X) V{X) is C- 
Lipschitz with respect to the Wasserstein metric. If we consider the Prokhorov 
metric or the weak-* metric $ is Lipschitz, but C can change. 

Proof. Let us consider the map {T,T) : X y, X X ^ X defined by (T, T){x, y) = 
{T{x),T{y)). We have that {T,T) is continuous, so {T,T) induces a continuos map 
on 'P{X X X), let us say \E'. Hence if 11 is a measure on X x X we have, by the 
Lemma [16] 



< 



< 



dP{x,y)di^iIl))= / dPiT{x),T{y))dIl. 

XxX JxxX 

We observe that if /x, G T^i^) ^nd 11 is a transport from jj, to v then vE'(n) is a 
transport from to Then, if T is a C-Lipschitz function we have 

inf I / dP{x,y)dU' : H' is a transport from $(^) to 

n' ^Jxxx ' 

inf I j d^{x,y)d{^{lV}) : 11 is a transport from /i to 
inf I / dP{T{x), T{y))d{n) : H is a transport from fi to A 

n ^JxxX ' 

= CW^{pL,v). 

Since the Prokhorov metric and the weak-* are equivalents to the Wasserstein 
metric, we get the result. ■ 

Another natural question is whether transitivity of T implies transitivity of $. 
The example below shows that the answer is negative. 

Remark 18. T transitive does not imply $ transitive. 

Proof. If T : §^ ^> is the irrational rotation on the circle given by T{x) = x + a, 
a an irrational number, we have that T is transitive. As T is a translation, we 
have that $ is 1-Lipschitz, if we consider on V{X) the Prokhorov distance. If we 
assume $ transitive we have that there exists /i £ V{X) such that the forward 

orbit : n e N} is dense in V{X). Take e > such that Q ^ {e,l-e 



and 1 — 2e > e (what corresponds to a choice of e £ (0,1/3)). Consider the 
Lebesgue measure A e V{X), there exists n G N, such that (ip($"(/i), A) < -. Take 
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p = e By the density of the sequence {$'^(/x)}feeN, there exists I G N, such 
that dp($""'"'(/Li), (5o) < -. As $ is 1-Lipschitz and A is ^-invariant, we have that 

dp(cI>"+'(^),A) =dp($"+'(^),$'(A)) <dp($"(/x),A) < |. 
By triangular incquaUty we get the following 

dp{X,So) < dp($"+'(/z),A) + dp($"+'(/z),(5o) < |. 

It implies that 

A(^) < So{Ae) + £, and 6o{A) < A(^|) + |, VA € B{S^). 

In particular, if A = (^5,1-6^,0^ As. Then 

l-2e = X{A)<So{Ae) + '-^'-, 
which is a contradiction. ■ 

We assume now an stronger condition, say, that T is topologically mixing, i.e., 
given U,V open sets in X, there exists N € N such that T"(?7) n V 7^ for all 
n> N. We notice that is also topologically mixing, since T is bijective. 

Proposition 19. If T : X X is topologically mixing then $ is topologically 

mixing. 

Proof. We notice that given fc G N we have that the map 

T'= (T, ...,T) ■.X''-)-X'' 

is topologically mixing if and only if T is topologically mixing. The proof is left to 
the reader. 

If we take /U, e ViX) and s > and consider the open balls -B(/i, e) and e) 

in 'P(X), then there exist /i' = X^iLi o^i^xi & B{ii,e) and ly' = X^iLi h^vi G B{y,e). 
Taking the points (xi, ...^Xk), {yi, ■■■,yk) G and 5 > such that 

00 ^ fe 

i=i j=i 

where eo is such that /u') + £0 < e and d{v, v') + £0 < £. 

Now we consider the open balls B{{x\, ...,Xk),5) and B{{y\, ...,yk),5) in X^. As 
T'^ is topologically mixing there exists N (^'H such that 

n>N^ (T'^riBiixi, ...,Xk),S)) D B{{y^, ...,yk),6) ^ 0. 

Then there exists {zi,...,Zk) € B{{x\, ...,Xk),5), such that {T'')^{z\, Zk) is in 
B{{yi, ...,yk),6). Finally we consider the measure p, = Yli=i C'i^zi- 

00 ^ k 

d{{xi,...,Xk), {Zl, Zk)) <^ ^J2^Y1 \fli^i) - fj(^i)\ ^ ^0' 

3 = 1 i=l 

and 

QO ^ k 

d{{T-{z,), T-{zk)), (2/1, yk)) < '5 ^ E 27 E Ifjin^i)) - fjiyi)\ < £0, 

j=l i=l 
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we get 



d{n,tj) < £, and $"(/u)) < e. 



It implies that e)) n s) ^ 0. 



Remark 20. Is is well known that any topologically mixing continuous transfor- 
mation on a compact set is transitive; then we conclude that T topologically mixing 
implies that $ is transitive. 



In this section wc consider some limit sets for the map T and the consequences 
on the induced push-forward map. 

5.1. Non- wandering set. 

Definition 21. Given p G X, p is called non-wandering if for all U neighborhood 
ofp and N gN , there exists n e N such that n> N and T"'{U) nU ^ 0. 

Proposition 22. Ifp G X is non-wandering, then 6p is non-wandering. 

Proof. Let p be non-wandering. Then given e > 0, there exists n G N such that 
T^'iBeip)) n Beip), i.e., there exists q € T"{Beip)) n Beip). Now we take dq and 
notice that 

dp{Sp,5q) < d{p,q) ^ 5q € B^{Sp), 
and as g G T"'{Bs{p)), there exists x e Bg{p), such that q = T"(x). Then 

Finally we conclude that Sg G Bs{5p) n 7^ 0. ■ 

5.2. w-limit. 

Definition 23. Let T : X ^ X a continuous map. Let x G X. A point y € X is 
an uj— limit point if there exists a sequence of natural numbers Uk 00 (as k 00) 
such that T"'=(a;) — > y. The co— limit set is the set of all u— limit points. 

Proposition 24. If q G ui{p), then Sg G oj{6p). 

Proof. We need to show that there exists a sequence (5p)}„^gNj such that, 
rife ^ 00 and $"''=((5p) Sg. Since q G oj{p), there exists a sequence {T"''{p)}nkeNf 
such that, T"-''{p) q. Now given g G C{X) we have that 



5. Limit sets 




As g is continuous and T'^''{p) q, g{T"-'={p)) —>■ g{q). Then we get 




Hence 
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Definition 25. A point p ^ X is called recurrent if x € uj(x). The set TZlT) of 
recurrent points is T -invariant. 

Hence, by Proposition [24l given x G TZ{T), we have that 6x G ijj{5x)- Then 

X e n{T) ^ 4 e 7^($). 

6. Attractors 

Here we are interested in know what happens with the dynamics $ when the 
dynamics T has an attractor. We divide our study in two cases: the first one 
consists in a map T that has a point p as an attractor and the second one consists 
in a map that has a uniform attractor. 

6.1. Point attractor. 

Lemma 26. Let T : X ^ X he a continuous map such that T : X ^ T{X) is 
a homeomorphism. If hm T"'{x) ~ p, for all x G X , then the sequence of maps 

n— >-oo 

{T"}„gN converges uniformly to the constant map F : X ^ X , F{x) = p for all 
x&X. 

Proof. Consider the following sequence of continuous maps G„ — T" : X ^ X 
and the map F : X X given by F{x) — p for all a; G X. We observe that 
Gn{x) P for all a; G X, i.e, Gn converges to F pointwise. As X is compact we 
have that Gn — ^ F , uniformly. ■ 



Proposition 27. Let T : X X he a continuous map such that T : X T{X) is 
a homeomorphism. If lim T"(x) = p, e X, then lim = 5p, \/fj, G ViX). 



Proof. Take £ > 0. We need to show that there exists tiq G N such that 

n > no d($"(^),(5T„(p)) < £. 

By Lemma [26] we can see that given S > 0, there exists uq G N, such that 
d{T'^{x),p) < S, for all x G A and n > uq. Now we take g G C(A) and see 
that 



g(a;)d($"(/i)) - / gix)dS, 



X 



X 



{g{r\x)) - g{p))d^^ 



X 



< / MT-{x))-g{p))\d^^ 



< s^p|(ff(T"(x))-<7(p))|. 
xex 



Since g G C(A) we get J <?(a;)d($"(//)) - J g{x)dSp 0, for aU g G C{X). 
Hence d($"(M),'^p) 0. ■ 
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6.2. Uniform attractor. In this section we define the concept of uniform attractor 
and see what happens with the dynamics $ when T has a uniform attractor. To 
do that we suppose that X is separable. 

Definition 28. Let A C X be a compact set such that T{A) C A. We say that A 
is a uniform attractor for T, if for all £ > 0, there exists no G N such that 

n > no d{T"{x),A) < e, Va; G X. 

Lemma 29. Let T : X ^ X be a homeomorphism from X to T{X) and A = 
{aj}j£N dense in X. Then r"(A) is dense in T"X, for all n G N. 

Proof. Take x G X and e > 0, we have to show that for all n G N, there exists 
Qi G A such that d{T'"{x),T'"{ai)) < e. Since T" is a continuous map, there exists 
(5 > such that 

%,ai) < 5 ^ d(T"(y),T"(aO) < £• 
Using the density of ^ in X we get the result. ■ 

Lemma 30. (i) If n = Xli=i (^i^ai, and v = X^iLi f^i^hi, then 

dp(v,[L) < i!i'ax{d{ai,bj)}. 
(a) //a* = J2\=i Oii^a, and v = <^t^b,, then 

dp{y,n) < min{(i(ai,6i)}, 
where dp is the Prokhorov distance. 

Proof, (i) We take 7 > ma.x{d{ai, bj)} and A e B{X). Then 

3 Oj G A 6j G A^, V j, and 36j G A aj G A^ Vj. 
Hence we have that 

IJ,{A) < u{A^) + 7, u{A) < ij,{A^) + 7, 
for all A G B{X). Then, by the definition of dp, we conclude 

dp{v,iJ.) < max{d{ai,bj)}. 
(ii) We take 7 > min{d(ai, bi)}. We notice that 

3ai e A ^ bi e Ay, and 3bi e A ^ e Ay. 
for all A G B{X). Then, by the definition of dp, we conclude 

dpiv,!!) < min{d(ai, 6i)}. 



Lemma 31. If X is a compact separable metric space then V{X) is a compact 

separable metric space. 

Proof. Let A the enumerable dense set in X. Consider 

k 

A = I ^ai(5xi : cti, ■■■,a.ii G [0, 1] nQ, XiGA and k G n|. 

1=1 

It is not diflacult to see that A is an enumerable dense set in ■ 
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Theorem 32. Let A C X be an uniform attractor for T. If 

k k 
i=l i=l 

then V is an uniform attractor for $. 
Proof. By Lemma [3T1 we have that 

k k 

A= ^^aiSa, -.^at ^ I, e A, e [0, 1] n Q and fc £ n| 

i=l i=l 

is dense in P{X). Using the Lemma 15(11 

hm d($"(t/),P) = 0, 

uniformly, for all G ^ . In fact, if we take e > , there exists no e N such that 

n > no d{T"{ai), A) < e, V G A. 

Given G A, there exists qi G A, such that d{T"' (ai) , qi) < e. Hence if = 
(^i^ai and we consider i/' — X]i=i ckj^gij where d{T"'{ai), qi) < e, we see that, 
by Lemma [501 

rfp($"M,z.') < min{d(r"(aO,<Z,)} < max{d(T"(a,), 9^)} < e. 
Now we take fi G P{X) and e > 0. We know that there exists no G N such that 

n > no dp{<P"{iy),V) < e, Vi/ G A, 
then, using the continuity of we have that there exists 6 > such that 

dp{fi, i^)<S^ dp{<^>"{fi), < e. 

As A is dense in X, there exists v ^ A, such that dp{v,ii) < 6. Finally we get 

n > no ^ dp($"(Ai),P) < dp($"(i^),P) +dp($"(Ai),$"(i^)) < 2e. 
We observe that the last inequality is independent of /it G P(X). ■ 

Example 33. Consider X = [0,1] x [0,1] and T : X ^ X given by T{x,y) — 
(x, + ^x)y), then A = {{x,y) : x = 1, or y — 0} is a uniform attractor to T. In 
fact given {x,y) G X, 

d(r"(x,y). A) = L^-^y), A) = min{l - x, ^^2/}- 

// we take < e < 1, we have that x < e or e < x. If e < x, then \ — x < e. If 
X < e, then we can see that 

(1 + ^)" ^ + . 
2" ~ 2" 
It implies that there exists no G N such that 



n > no => ^ — - — —y < - — y < e. 
" 2" ~ 2" 



T/ien we conclude that 



(1 _(_ 2;)" 

n > no d(r"(a;, y). A) = min{l - x, ,„ ' y} < e. 
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On the other hand, if we apply the Theorem [3^ we get that the closure of 

k k 

1=1 1=1 

{xi,y,) = {xi,Q) or ix,,y,) = Ui G [0, 1] n Q and k e n|, 

is a uniform attractor to $. 

Example 34. (Uniformly hyperbolic attractor) Consider the solid torus T ~ x 
D^, where = [0,1] mod 1 and = {{x,y) e R"^ : x"^ + y^ < 1}. We fix 
A G (0^) and define T : T ^ T by 

T{(l), X, y) = {2(f>, Ax + ^ cos(27r0), Ay + i sin(27r0)). 

The map is injective and stretches by a factor of 2 in the -direction, contracts by 
a factor of X in the -direction, and wraps the image twice inside T ■ 

The image -F(T) is contained in the interior intifT) and F"~^^{'T) C int{F^{T)). 
A slice F{T) C] {(j) — c} consists of two disks of radius A centered at diametrically 
opposite points at distance i from the center of the slice. A slice F"{T) D {(p ~ c} 
consists of 2^^ -disks of radius A"; two disks inside each o/2"~^ disks o/_F"^^(T)n 
{0 = c}. 

The set S — n^g-F"(7~) is called a solenoid. It is a closed F -invariant subset of 
T on which F is bijective. The solenoid is a uniform attractor for F. Moreover S 
is a hyperbolic set, then S is an example of an uniformly hyperbolic attractor. 

Then, by Theorem \3S\. the closure of 

k k 

V := I : ^Qfj = 1, Qi e S, ai e [0, 1] n Q and e n|, 

4=1 i=l 

is a uniform attractor for $. 

7. Topological entropy 

Here we get a very interesting connection between the topological entropy of the 
map T and the topological entropy 

We briefly recall the definition of the topological entropy. 

Definition 35. Let T : X ^ X a continuous map. A subset A <Z X is said 
{n,e)—separeted if any two distinct points x,y satisfy 

d,,{x,y):= max d(r'^(a;), T^(y)) > e. 

0<fc<n— 1 

Each dn is a metric on X , moreover the di are all equivalent metrics. 

Let us denote by sep{T,n,e) the maximal cardinality of a (n,e)— separated set. 
Introducing 

/ie(r) =Th^-log sep{T,n,e) 

n— >oo n 

the topological entropy of the map T is then given by 

h(T) = lim hJT). 

Now we can state some results about the topological entropy of the map $. 
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Lemma 36. Let T : X X be a continuous map such that T : X T{X) is a 
homeomorphism . If lim T"{x) = p, for all x G X , then h{T) — 0. 

n— )-oo 



Proof. We know, by Lemma E51 if lim T'^{x) = p, then the sequence {T"}„£n 

converges uniformly to the constante map G = p. Let us take A C X {N^,e)- 
separated with maximum cardinality and observe that A is (n, e)-separated for all 
n > N;.. Moreover if B is (n, e)-separated, the cardinality of B is at most equals to 
the cardinality of A. Hence 

hs{T) — lim — log sep{T,n,e) = 0, 

which implies 

h(T) = lim hJT) = 0. 

■ 

If we apply the Lemma [27] and after apply the Proposition [26] we can prove the 
following; 

Theorem 37. // hm T"(x) = p, then — 0, where is the topological 

entropy of $ . 

Corollary 38. IfT is C-Lipschitz with C <l, then = 0. 



Proof. As T is C-Lipschitz, then $ is C-Lipschitz, with C < 1. Then we have 
that lim ^"(/i) = (5p, where p is the fixed point for T, for all /i G V{X). Hence, 

by Lema[26]/i($) = 0. ■ 



Remark 39. As we proved in Lemma \V^ ifT is C-Lipschitz, then $ is C-Lipschitz. 
Hence ifC—1, then $ is non-expansive and it implies that h{^) — 0. 

Example 40. Consider the map T : §^ — > given by T{x) — x -\- a, a irrational, 
then = 0. In fact, as T is an isometry we have that $ is 1-Lipschitz , then 
= 0. 

Definition 41. The set of probability measures supported on a finite set is given 
by the union T> ~ U„>i27„, where 

n n 

Vn = |/i = "^Pidxi ■■ {pi, ■■■,Pn) e R", '^Pi = '^ and Xi G x|, 

i=l i=l 

and for a fixed p = {pi, ...,p„) G K" such that Pi — ^ we define the set 

n 
i=l 

We notice that is possible to make a copy of the space X in the V{X) as follows: 

j : X -> 2?i C V{X) 

X ^ Sx- 

If we consider 2?i, we notice that <I>(X'i) — 2?i, i.e., 2?i is ^-invariant. 
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Lemma 42. (See [7] and ^) j is a homeomorphism onto T>i. If we consider the 
Wasserstein distance, j is an isometry. 

Lemma 43. Let S : Z ^ Z a homeomorphism of a compact metric space. If 
F <Z Z is a closed invariant subset of X then 

h{S\F) < h{S). 

Proof. See [g. ■ 

Proposition 44. h{<^) > h{T). 

Proof. We know that j o T{x) — St(x) — ^ ° i-e, 

j o T — ^ o j. 

Hence T is topologically conjugated to $ restricted to Vi, which imphes 

h{<^>)>h{^\v,)^h{T), 
because Vi is ^-invariant. ■ 

We have another important relation between h{T) and h{^). To prove this 
relation we need some results, which we will not prove. 

Lemma 45. (Goodwin, 1971) Let X and Y compact Haussdorf spaces and let T : 
X X and S : Y Y continuous. Then 

h{TxS) = h{T) + h{S), 

where h denotes the topological entropy and TxS:XxY^XxY is defined as 

(T X S){x,y) = iT{x),S{y)), for {x,y) eXxY. 

Theorem 46. If h{T) > then h{<^) = oo. 

2«— 1 

Proof. Consider n G N and p G M", such that p = (pi, ..,p„) and pi = — -, 

and take the set Vn{p). We notice that T>n{p) is a closed subset of ViX), since 
T^n{p) = 127=1 Pi'^i- ^'^ consider a map dp : X""- — > T>n{p) defined as 

n 

dp{xi,...,Xn) := y^Pi4.. 

1=1 

We also consider the map T'"^ : X" — > X" defined as 

T^''\xi,..,Xn) ■.^{T{xi),...,T{Xn)) 

It is not difficult to see that 5p and T^"^ are continuous, and they satisfy 
We claim that 5p is injective. In fact if 5p{x) = Sp{y) and y ^ x, then 

n n 

(^^p,5x^{A) = (^^p,5y}j{A), for ah open AdX. 

i=l i=l 

So there is k such that Xk 7^ yk- Take an open set A (we can do it because we 
are assuming X Haussdorf), such that Xk & A but yk ^ A. We consider the set 
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of points Xi e A, say {x^j , x;, } C {.ti,...,x„} that set. Using tlic same idea 
consider the set of points yj G A, say {Uji, ■■■,yjs} C (observe that 

Vk ^ {Ujit •••)%,})• Then we have that 

I 



and it imphes 



1 i=l z=l m=l 



t=l m=l,j„#fe+l 

Then we see that a e N has two different representations in base 2, it is a con- 
tradiction and wc get Sp injcctivc. Clearly we have that Sp is surjcctivc, then Sp 
is a bijection. As dp is continuous and X" and Vnip) are compact (because X is 
compact and ^^{p) is a closed subset of a compact set) we have that 5p is a home- 
omorphism. As ^o5p = 5pO T^") and 5p is a homeomorphism, 5p is a conjugation. 
Then 

nh{T) = h{T(^^) = K^s^^^x^)) < h{<i>), 
as h{T) > we get the result. ■ 



Corollary 47. IfT is continuous and h{T) > then h{^) = oo. 



Proof. We notice that we did not use the fact that T is a homeomorphism. So 

we got a homeomorphism Sp : X" T^n{p) such that <^ o Sp = Sp o T^^\ It implies 
that /i(T(")) > /i($|i,^(p)). By the other hand wc have that 5"^ o 3> = T'-^'^Sp^. It 
implies that /i(T(")) < /i(<I>|x)„(p)). Finally wc get 

nh{T) = h{T^''^) = /x($b„(p)) < /i($). 



Example 48. Let §^ = M/Z and consider the m.ap : — >■ defined by 

't'dix) = dx mod 1. 

We know that h{(j)) = logd. Then if ^ is the induced map by so we have that 

/l($) = 00. 
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